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ABSTRACT. We study Holder continuity of solutions to the Monge-Ampere equations 
on compact Kahler manifolds. In [DNS] the authors have shown that the measure u"^ is 
moderate if u is Holder continuous. We prove a theorem which is a partial converse to this 
result. 
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1. Introduction 

Let X be a compact n-dimensional Kaler manifold equipped with a fundamental form uj 
satisfying Jo;" = 1. An upper semicontinuous function : X ^ [— oo,+oo) is called 

X 

a;-plurisubharmonic (a;-psh) if G L^{X) and uj^ := uj + dd'^cp > 0. By PSH(X, a;) 
(resp. PSH~(X, a;)) we denote the set of w-psh (resp. negative w-psh) functions on X. 
The complex Monge-Ampere equation = /cu" was solved for smooth positive / in the 
fundamental work of S. T. Yau (see [Yau]). Later S. Kolodziej showed that there exists a 
continuous solution if / G Lp{uj'^), / > 0, p > 1 (see [Ko2]). Recently in [Ko5] he proved 
that this solution is Holder continuous in this case (see also [EGZ] for the case X = CP^). 
In Corollary 1.2 in [DNS] the authors have shown that the measure a;^ is moderate if u is 
Holder continuous. The main result is the following theorem which give a partial answer 
to the converse problem: 

Theorem A. Let ^ be a non-negative Radon measure on X such that 

for all B{z,r) C X (A, a > are constants). Then for every f G LP{d^) with p > 1, 
f fdfi = 1, there exists a Holder continuous iv-psh function u such that uj'^ = fdfx. 

X 

The following results are simple applications of Theorem A: 

Corollary B. Let ip &PSH{X, u) be a Holder continuous function. Then for every f G 
LP{u!ip A LJ^~^) with p > 1, f fu^p A uj^~^ = 1, there exists a Holder continuous uj-psh 

X 

function u such that = fu^p A uj'^~^ . 

Corollary C. Let S be aC^ smooth real hypersurface in X and Vs be the volume measure 
on S. Then for every f G LP{dVs) with p > 1, J fdVs = 1, there exists a Holder continuous 

X 

iv-psh function u such that u'^ = fdVs. 
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2. Preliminaries 

First we recall some elements of pluripotential theory that will be used throughout the 
paper. Details can be found in [BTl-2], [Cel-2], [CK], [CGZ], [Del-3], [Dil-3], [GZl-2], 
[H], [Kol-5], [KoTi], [Sil-2], [Zel-2]. 

2.1. In [Ko2] Kolodziej introduced the capacity Cx on X by 

Cx{E) sup{ y"w;j : </? G PSH(X,(x;), -1 < < 0} 

E 

for all Borel sets E G X. 

2.2. In [GZl] Guedj and Zeriahi introduced the Alexander capacity Tx on X by 

Tx{E) = e ^ 

for all Borel sets E C X. Here x the global extremal w-psh function for E defined 
as the smallest upper semicontinuous majorant of Ve,x i-e, 

Ve,x{z) = sup{^(2) : if e PSH(A,u;), ^ < on E}. 

2.3. The following definition was introduced in [EGZ]: A probability measure on A is 
said to satisfy the condition 7i(Q;, A) (a, A > 0) if 



^l{K)<ACx{K) 



l+a 



for any Borel subset A of A. 



A probability measure ^u. on A is said to satisfy the condition 7i{oo) if for any a > there 
exist A{a) > dependent on a such that 



fx{K) < A{a)Cx{K) 



l+a 



for any Borel subset A of A. 



2.4. The following definition was introduced in [DS]: A measure /i is said to be moderate 
if for any open set U C A, any compact set A CC C/ and any compact family of 
plurisubharmonic functions on U, there are constants a > such that 



sup{ J e'^^^dfi : (p e J^} < +oo. 



K 
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2.5. The following class of cu-psh functions was investigated by Guedj and Zeriahi in [GZ2]: 

S{X,uj) = {(^ e PSH(X,(^) : .lim j = / = l)- 

Let us also define 

E~{x,uJ) = 8{x,uJ){^v^Y^{x,uJ). 

We refer to [GZ2] for the properties of the class £{X^(jj). 

2.6. 5' is called a smooth real hypersurface in X if for all z G X there exists a 
neighborhood U oi z and x G C^{U) such that Sr\U = {z &U : x{^) = 0} ^^id -^^xl-^) 7^ 
for slXzeSnU. 

Next we state a well-known result needed for our work. 

2.7. Proposition. Let n he a non-negative Radon measure on X such that iJ,{B{z, r)) < 
^^2n-2+a f^^. ^^^^ r) C X (A, « > are constants). Then ii e H{oo). 

Proof. By Theorem 7.2 in [Ze2] and Proposition 7.1 in [GZl] we can find e, C > such 
that 

AC ACp 

a a 

for all Borel subsets K of X, where /j,2n-2+Q: Hausdorfi^ content of dimension 2n— 2+q;. 
This implies that fx e 7i(oo). 



3. Stability of the solutions 

The stability estimate of solutions to the Monge-Ampere equations on compact Kiihler 
manifolds was obtained by Kolodziej ([Ko2]). Recently, in [DZ] S. Dinew and Z. Zhang 
proved a stronger version of this estimate. We will show a generalization of the stability 
theorem by S. Kolodziej. As a first step we have the following proposition. This proof 
follows ideas of the proof of Theorem 2.5 in [DH]. We include a proof for the reader's 
convenience. 

3.1. Proposition. Let ip,ip E £~{X,u) be such that uj^ e T-L{a.,A). Then there exist 
constants t G R and C{a, A) >0 such that 

J iu;:; + u;^)<C{a,A)a^+\ 

{\ip-,p-t\>a} 



herea= 

X 

Proof. Since / (w^ + a;^) < 2, it suffices to consider the case when a is small. Set 

{\ifi-i>-t\>a} 

e=^inf{ j a;-: t e R} 

{\^-ilj-t\>a} 
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Hence 



/ 



< 1 - 2e 



{|^_^_t|<o} 

for all t e R. Set 



to = sup{t e R : J (jj^<l-e} 



{ip<i>+t+a} 

Replacing i(j hj il^ + to we can assume that to — 0- Then J < 1 — e and 

{ip<tp+a} 



f o;^ > 1 — e. Hence 

{ip<ip+a} 



^^ = 1- j j 

{V'<¥'+a} {¥'+a<V'} {¥'<'0+a} 



/ 



+ / cu^ < 1 - e. 



Since / a;^ < 1 we can choose s e [—a + a"+^, a — 0"^+^] satisfying 

{|^-V|<a} 



/ 



{|¥>-i/'-s|<a"+2} 

Replacing i(j hy i(j+s we can assume that s = 0. One easily obtains the following inequalities 



(1) I '^^<l-e, I c^^<l-e, J 

{(p<i/'+o"+2} {V'<v:'+a"+2} {|<^-V'|<a"+2} 

By [GZ2] we can find p e ^(X, a;), such that 

(2) Up = —^l^^^^yu'^ + cl{<^>^}u;^ and supp = 0, 



(c > is chosen so that the measure has total mass 1). For simplicity of notation we set 

n+l 
1+a • 



/?=^- Set 



[/={(!- a^+2+/3)(^ < (1 - a"+2+^)V' + a^+2+/3^| ^ < 
From Theorem 2.1 in [Di3] and (2) we get 

(3) u^-^ A u;(i_„n+2+/3)^+<,n+2+/3p > (1 - a''+^+^)u;^-^ A cj^ + -^u^, 

(1 - e)n 
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on U. From Theorem 2.3 in [Di3], Lemma 2.6 in [DH] and (3) we obtain 

^ f r,n+2+l3 f 

(1 - a^+'+f^) J u;-' Au^ + ^— j a;- 



1-e 

u u 



n-l 



< J a^(i_a"+2+/3)V+a"+2+/3p A CO, 
U 

< J a^(i-a"+2+/3)^ A a;^-^ = (1 - a"+^+^) J + a^+^+^ JuAu, 
u u u 

< (1 - a"+2+^)( J a;^-i A o;^ + 2a^''+^+'^) + a'^+^+^ J uj A uj^'^ . 

u u 

Hence 

(4) ^|..<2.-^ + /.A.- 

u u 

From Proposition 3.6 in [GZl] and (4) we get 

(5) -r^[ / <-CiKA)a"+i] 
( i — e) " J 

{<p<V'-0"+2} 



n-l 



{(^<V'-a"+2} 



(1 


— e) " 




1 


(1 


— e)" 




1 


(1 


— e) " 



il+ai 



{^<V;-a"+2} {P<-^} 



u 

< 2a^+^ + y u; Au;^-^ 
u 

<2a"+i+ y" a;Aa;^-\ 
{(p<-0} 

Similarly to p we define e a;), such that 

a;^ = --^l{<p<^}a;^ + n{^>y,}a;^ and supi? = 0, 

-L 6 ^ 

{I plays the same role as c above). Set 

V = {{1- a"+2+^)V' < (1 - a^+2+^)(/? + C {tA < 
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We get 

(6) / u;^^-Cr{a,A)a^+']<2a^+'+ J ojAoj^-'. 

{ip<ip-a"-+^} {ip<'p} 

From (1), (5) and (6) we obtain 

^__[l_2a-+i-2CiKA)a'^+i] < — ^[ / u;-2C,{a,A)a 
(1 — ej" (1 — ej" J 

< 4a''+^ + 1. 

Hence 

l-2(C.(a^) + lK+- ^ 

^ 4a"+i + 1 J - 2V , ; 

This implies that there exists t e R satisfying 

J uj;<2C2{a,A)a^+\ 

{\^-iP-t\>a} 

Finally we have 

{\ifi-i>-t\>a} {\tp-tl^-t\>a} {\tfi-il}-t\>a} 

< 2C2(a, A)a^+^ + a2^+^+^ < C{a,A)a''+\ 
The second step in proving our stability therem is the the following 

3.2. Proposition. Let ^ G £~{X,lj) be such tiat o;^, o;^ G H{a,A). Then there exist 
constants t e R and C(q;, ^) > such that 

Cx{{\^-i^-t\>a})<C{a,A)a, 



heTea=[J\\co:^-u^\\]^^^^ 

X 



Proof. Since Cx{{\<p — il^ — t\ > a}) < Cx{X) = 1, it suffices to consider the case when a is 
small. Without loss of generality we can assume that sup (p = sup -0 = 0. By Remark 2.5 

X X 

in [EGZ] there exists M{a,A) > such that \ \(p\\l-°{x) < M{a,A), < M{a,A). 

By Proposition 3.1 we can find t > such that 

J (a;^ + a;^)<Ci(a,A)a"+^ 

{\^-iP-t\>a} 
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We consider the case a < min(l, ^^^^ ^^ ). Since / (a;^ + cu^) < 1 we get {\(p — 

{\ip-,p-t\>a} 

if) — t\ > a} ^ X. This imphes that \t\ < sup \(f — ipl + 1 < M{a,A) + 1. Replacing i/j 

X 

hy if) + 1 we can assume that t = and ||'0||l°°(x) < 2M{a,A) + 1. Using Lemma 2.3 in 
[EGZ] for s = f , t = 2(2M(a,A)+i) we get 

AVIV- ^ AVIV- V- 2 2{2M{a,A) + l)^' 

2-{2M{a,A) + ir f ^ . 
- J 

{v?-V'<-a} 

< 2"(2M(a, A) + l)''Ci{a, A)a. 

Similarly we get 

Cxi{i^ -V< -a}) < 2'^{2M{a,A) + 1)"Ci(q;, ^)a. 
Combination of these inequalities yields 

Cx{{W-tl^\>a})<C{a,A)a. 

Now we prove the promised generalization of Kolodziej stability theorem (Theorem 1.1 in 
[Ko5]). 

3.3. Theorem. Let (fiiip E £~{X,(jj) be such that supcp = sup^' = and oj'^,uj2 G 

XX 

H{a,A). Then there exists C{a^A) > such that 

min(l,^) 

X 

Proof. Set 

«=[/ \K-u;;\\r^^-^. 

X 

By Proposition 3.2 there exists Ci{a, A) > and t e R such that \t\ < M{a, A) + 1 and 

Cx{{\^-^-t\> a}) < Ci{a, A)a. 
Moreover, by Proposition 2.6 in [EGZ] there exists C2{a^A) > such that 
sup \ip-ip-t\< 2a + C2{a, A)[Cx{{\f - ^ - t| > a})]» 

X 

< 2a + C2{a,A)[Ci{a,A)a]^ 
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Moreover, since sup<^ = supip = we obtain \t\ < Cs{a, A)a^^^^^'^\ Combination of 

X X 

these inequalities yields 



sup|(^-V'| <sup|^-V'-t| + |t| <2C3{a,A)a'^'''^^'^^ = C{a,A)[[ ||(x;"-(x;^ 

XX J 



min(l,^) 

11 2 



X 



3.4. Corollary. Let n be a non-negative Radon measure on X such that n{B{z,r)) < 
j^^2n-2+a f^j. B{z,r) C X (A, a > are constants). Given p > 1,M > 0,e > 
and f,g e LP{d^j) with \ \f\\Lp{d^,)^\9\\Lp{d^,) < M and f fdfi = / gd/j, = 1. Assume that 

X X 

(p,il^ E S~{X,uj) satisfy a;^ = fd/i, uj^ = gdfx and sup(p — supip = 0. Then there exists 

XX 

C{a, A, M, e) > such that 



sup\(fi-iP\<C{a,A,M,e)[J \f - g\dtj]^^^ 



X 



Proof. By Holder inequality we have 



K 



j gd/j < ||p|Up(dM)[A^(^)]'"^ < M[f,{K)]^-K 

K 

for any Borel subset K of X. By Proposition 2.7 we get fd/i, gd/j, e 7i(oo). Using Theorem 
3.3 we can find C{a, A, M, e) > such that 

sup|(^-V| < Cia,A,M,e)[J \f^g\dn]^^^. 



X 



4. Local estimates in Potential theory 

Let Q he a bounded domain in {n > 2). By SH(0) (resp SH~(0)) we denote the set 
of subharmonic (resp. negative subharmonic) functions on Q. For each u e SH{fl) and 
5 > we denote 

Bs 

us{x) = sup u{x + y), 
y€Bs 

for X e fls ^ {x e Q : d{x, dQ) > 6}. Here Bs ^ {x e W : \x\ = {xj + ... + x^)^ < 6} 
and Cn is the volume of the unit ball Bi . We state some results which will be used in our 
main theorems. 
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4.1. Theorem. Let ji be a non-negative Radon measure on Q such that iJ,{B{z,r)) < 
f^j, j^^^^ r) C D CCfl (A,a>0 are constants). Then for K <Z<Z D and e > 
there exists C{a, A, K, e) such that 



J [us - u]dii < C{a, A, K, e) J Au 5^ 

K D 



for all u e SH{Q), where A is the Laplace operator. 

Proof Since the change of radii of the baUs does not affect the statement we can assume 
that Q = B4, D = Bs, K = Bi and u is smooth on B4. By [Ho] we have 



«(.)=/G(.,.)A«W+ftW. 

B2 



where G{x,y) is the fundamental solution of Laplace equation and h is harmonic in B2. 
By Fubini theorem we have 



j[us{x) - u{x)\dn{x) = j j [u{x + y)- u{x)]dVn{y)dn{x) 

Bi Bi Bs 



Bi Bs B2 



At/(z)^ / dVniy) l[G{x + y,z)-G{x,z)]dt,{x) 



B2 Bs Bi 



Set 



F{y,z) = J[G{x + y,z)-G{x,z)]dfx{x). 



It is enough to prove that F{y,z) < C{a,A,s)5'^+°' for all y e Bs,z e B2. We consider 
two cases: 
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Case 1: n = 2. For y e Bg, z e ^2, 5 < |, we have 
F(y,.)=/[ln|x + y-.|-ln|x-.|l<iMx) 

/ ln|l + ^— / ln|l+ 

J x — z J X — z 

Bir\{\x-z\>\y\'^} Bin{\x-z\<\y\TT^} 

< J ln{l + \y\^)dfj,{x) + In 4: J dfj. 

Bin{\x-z\>\y\TT^} Bin{\x-z\<\y\T^} 

r 1 

+ / ^^TZ —djji{x) 



\x — z\ 



Bin{|a;-2|<|2/|TT^} 



/I 1 
1 \ In 1 ^daix) 
\x — zY^ \x — z\ 



< A(l + ln4)|y|Tf^ + |y|^Ci(a,e) j 



{lx-2l<ly|i+«} 

dii{x) 



{\x-z\<l} 

OO 



< A{1 + ln4)\y\Tf^ + Ci(a, e)\y\^ J] J 

■''=°{2-J-i<|a;-2;|<2-i} 



dn{x) 



I I rv — — 

\X — Z\ 2 



OO 

ct — e 



< C{a,A,e)\y\^ < C{a,A,e)6^. 
Case 2: n > 3. Similarly for |/ e 5^, z e < |, we have 

z)= [ [- . |^_, + ^ ^— 2 

J \x + y — z\^ ^ \x — zy ^ 

f \x + y-z\''-^-\x-z\''-\ f dfjiix) 

J \x + y-z\^-^\x-z\^-^ ^^^"^+ J 



\x — z 



n-2 



Bin{|a;-z|>|j/|TTH} <|y| TT^ } 



<C2(a)|y|i?« y" + lyl ^ 



dfj,{x) 



\j. ■^\n—2+oc—e 



Bin{\x-z\>\y\^} {|a;_^|<|y|TT^} 

c//i(x) 



< AC2(«)i2/i^ + y" 

{k-z|<i} 

< C(a,A,e)\y\^ < C{a,A,e)5^. 



^In— 2+q;— e 



10 



4.2. Theorem. Let ji be a non-negative Radon measure on Q such that ^{B{z, r)) < 

f^j, j^^^^ r) C D CCfl (A,a>0 are constants). Then for K <Z<Z D and e > 
there exists C{a, A, K, e) such that 

[us - u]dii < C(a, A,i^,e)||w||i,co(n) 5^rt+^, 

K 

for all ue SHnL°°{n). 

We need a well-known lemma: 

4.3. Lemma. Let u E SH (1 L°° (ft) . Then 

\us{x) - us{y)\ < 

for all x,y & Qs- 

Proof of Theorem 4.2. By Lemma 4.3 we have 

us{x) = sup u{x + y) < sup u i {x + y) < u i (x) + (5^||w||i,cx>(q). 

y&Bs y€Bs 

By Theorem 4.1 we get 

J [us - u]dfj, < J [u^i - u]dii+ ||u||ioo(f2)/i(K)5^ 



\u\\Loo{n)\x - y\ 



K K 

Oi — e 



Next we state a well-known result is a direct consequence of the Jensen formula (see [AG] ) 

4.4. Proposition. Let u G SH{B2) be such that \u{x) — u{y)\ < Alx — y]'^ for allx,y e B2. 
Then there exists C{a,A) > such that 

Au < C(a,A)r'^-2+", 



B{x,r) 

forallB{x,r) C Bi. 
5. Main results 

Proof of Theorem A. We use the same scheme as the proof of Theorem 2.1 in [Ko5]. From 
Corollary 3.4 and from Theorem 4.2 we can replace uj^ by d^. This implies that u is Holder 
continuous with the Holder exponent dependent on a, A, p, X and 1 1/| 

Proof of Corollary B. It follows from Proposition 4.4 and Theorem A. 

Proof of Corollary C. Direct application of Theorem A. 
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